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Accuracy of Shock Capturing in Two Spatial Dimensions
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An assessment of the accuracy of shock-capturing schemes is made for two-dimensional steady flow around a
cylindrical projectile. Both a linear fourth-order method and a nonlinear third-order method are used in this study.
This study shows, contrary to conventional wisdom, that captured two-dimensional shocks are asymptotically first
order, regardless of the design accuracy of the numerical method. The practical implications of this finding are
discussed in the context of the efficacy of high-order numerical methods for discontinuous flows.

I. Introduction

IGH-ORDER schemes (schemes of second-orderaccuracy or

higher) have been used effectively to capture shocks for at
least 30 years.! Little doubt remains in regard to the advantages of
these schemes over the first-order schemes. For this reason, second-
and higher-order schemes have almost universally replaced first-
order schemes throughout computational fluid dynamics (CFD).
Although there are earlier works that address the first-order na-
ture of shock-capturing methods (see Ref. 2 or 3), only recently
has a critical analysis of the actual error of higher-order schemes
been undertaken within the shock-capturing community. Previous
work by Casper and Carpenter* shows that time-dependent shocks
can only be captured with first-order accuracy, regardless of the de-
sign order of the numerical method. Figure 1 shows the pointwise
error from a sound-shock interaction problem, for which a fourth-
order nonlinear essentially nonoscillatory (ENO) algorithm is used
to solve the time-dependent Euler equations. Figure 2 shows the
same problemresolved with a sixth-orderlinear finite differenceal-
gorithm. Both algorithms converge at a first-order rate downstream
of the shock. This degradationin accuracy is caused by the inability
of conventional numerical methods to pass information through a
discontinuity.

In a companion work,’ these results are reaffirmed and quantified
for a broader class of problems. Specifically, a sixth-order-accurate
compact implicit finite difference scheme and a fourth-order-accu-
rate ENO scheme are used to investigate various discontinuous
flows. The design order of accuracy is achieved in the smooth re-
gions of a steady-state, quasi-one-dimensiond Euler test case, as
well as in the time-dependent Burgers’ equation. However, in an
unsteady Euler sound-shock interaction problem, first-orderresults
are obtained downstreamof the shock. A discontinuouslinear model
problem identifies the cause of the first-order results and quantifies
the error as predominantly a numerical phase shift that results from
information passing through the discontinuity. Postprocessing the
first-order data increases the solution accuracy downstream of the
discontinuity to second order, although high-order accuracy is still
not attainable.

Presented as Paper 97-2107 at the AIAA 13th Computational Fluid Dy-
namics Conference, Snowmass Village, CO, 29 June-2 July 1997; received
19 September 1997; revision received 28 December 1998; accepted for pub-
lication 4 February 1999. Copyright © 1999 by the American Institute of
Aeronautics and Astronautics, Inc. No copyright is asserted in the United
States under Title 17, U.S. Code. The U.S. Government has a royalty-free
license to exercise all rights under the copyright claimed herein for Govern-
mental purposes. All other rights are reserved by the copyright owner.

* Aerospace Engineer, Aerodynamic and Acoustic Methods Branch, MS
128; m.h.carpenter @larc.nasa.gov.

T Assistant Research Professor, Aerospace Engineering; currently Project
Engineer, Hydrodynamics Group, E46, Newport News Shipbuilding, 4101
Washington Avenue, Newport News, VA 23607; casper_jh@nns.com. As-
sociate Member ATAA.

1072

The negative results found in one dimension can easily be ex-
tended to multiple spatial dimensions. Specifically, time-dependent
shocks are inherently first-order accurate in any number of spatial
dimensions. The one-dimensionalsteady Euler equationsexhibitde-
sign accuracy away from discontinuities. Therefore, the possibility
exists that the steady-state, discontinuous Euler equations will ad-
mit higher-ordersolutions in multiple dimensions. In this work, we
quantify the solution accuracy for the steady-statetwo dimensional
Euler equations. We show that, unlike the one-dimensional case,
the two-dimensional Euler equations are first-order accurate down-
stream of a shock at steady state, regardless of the design accuracy
of the numerical method.

In Sec. II, we present the Euler equations in two spatial dimen-
sions. The equations are used to solve for the inviscid flow around a
supersonic blunt body. In Sec. III, we describe the numerical meth-
ods used on the test problems. Three different numerical methods
are used to solve for the flow around a supersonic blunt body. A
Chebyshev bow-shock-fitting algorithm is used to obtain an exact
solution to the problem. A linear fourth-order finite difference al-
gorithm and a nonlinear third-order ENO numerical algorithm are
used to capture the solution around the blunt body. In Sec. IV, we
present a comparative study between the three methods. We show
thatall captured solutionsare first-orderaccurate on sufficiently fine
meshes, regardless of the design accuracy of the spatial operator. In
Sec. V, we study the influence of Mach number and the effects of
design accuracy on the first-order results. In Sec. VI, conclusions
are given.

II. Governing Equations

We focus in this work on the two-dimensional Euler equations.
In the physical coordinates, the equations are

d oF 9
a_lz] x 8_3 =0 (1
where
p pu pv
U=[p"—l, | PO = "

PV pUY ’ pv:+ P —l
LpEJ L(pE + P)uJ L(pE + P)vJ

The variables p, u, v, P, and E are the density,x velocity,y velocity,
pressure,and total specific energy,respectively. The equationof state
is

P =(y —Dp[E - L@*+v?)]

where y is the ratio of specific heats, which is assumed to have a
constant value of 1.4.
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Fig. 1 Pointwise error for one-dimensional sound-shock interaction
problem as obtained with nonlinear ENO-4-3 numerical scheme.
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Fig. 2 Pointwise error for one-dimensional sound-shock interaction
problem as obtained with linear LIN-6-4 numerical scheme.

III. Numerical Methods

We use three different numerical methods to study the two-
dimensional blunt-body problem. A Chebyshev shock-fitting algo-
rithm is used to generate an exact solution around a supersonic
cylindrical projectile. Both a linear fourth-order and a nonlinear
third-orderENO shock-capturingalgorithm are then used to capture
the solution around the cylindrical body. Accuracies are assessed by
comparing the captured solutions with the exact solution. All three
algorithms are fairly routine and have been documented extensively
in the literature. We include a brief description of each algorithm,
noting only the specific details necessary to maintain robustness on
the blunt-body problem.

In assessing negative results, one must take into account the gen-
erality of the test problems and of the numerical algorithms. The
two capturing algorithms represent extremes from the spectrum of
higher-order formulations presently in use. We hope that this diver-
sity adds credibility to the negative results obtained in this study.

Chebyshev Shock Fitting

A Chebyshev bow-shock-fitting algorithm is used to determine
a highly accurate numerical solution to the blunt-body problem.
Figure 3 shows a numerical grid wrapped around the forebody of a
two-dimensional circular cylinder. A Chebyshev spatial operator is
used in both the radial and the circumferential directions to resolve
the inviscid flow around the cylinder. Note that the grid line farthest
from the body coincides exactly with the curved bow shock.

The fitted solutionis obtained by first mapping the Euler equations
in space and time into the computational space. A linear mapping
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where 1y, Iy, Omin, and Oy, are the radius of the body, the radius
of the shock, and the minimum and maximum values of 6, respec-
tively. The shock position always coincides with the line £ =1, and
the physical domain changes continuously as the bow shock moves
to its steady-state position. Because of symmetry along the body
centerline, only half of the problem is solved. The Chebyshev col-
location techniqueis used in the computational domain to discretize
theresultingset of equations. The equationsare then marched in time
until a steady-state solution is reached.

A crucial element of the procedureis the treatment of the bound-
ary conditions and, in particular, the movement of the shock. To
move the shock, a shock velocity equation is derived by differen-
tiating the Rankine-Hugoniot relations at the shock. The resulting
differential equations for the position and velocity of the shock are
then advanced in time with a five-stage Runge-Kutta (RK) scheme,
along with the rest of the discrete equations. Symmetry conditions
are imposed along the centerline, and inviscid wall conditions are
imposed at the body. At the outflow, the flow is supersonic nor-
mal to the boundary, and no physical boundary conditions are im-
posed. Further details on the boundary treatments can be found
elsewhere 57

The grid used in the M =2.5 case (see Fig. 3) contains 36 radial
and 24 circumferential collocation points. This grid density is suffi-
cientto predicta stagnationpressureon the centerlinethatis exactto
12 significant digits. The solution accuracy throughout the domain
is monitored by using the spectral decay of polynomial coefficients.
The worst portion of the flow is resolved to 8 orders of magni-
tude. This solution (referred to from now on as the exact solution)
is spectrally interpolated to a sequence of uniformly spaced grids
for use as error indicators in the finite difference algorithm. Fig-
ures 4-6 show the pressure, density, and velocity vector profiles of
the blunt-body flow. Note the smooth, well-resolved contour lines.
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Fourth-Order Linear Scheme

Conventional high-order central-difference discretizations lack
the robustness necessary to efficiently converge this problem to
steady state. A fourth-order upwind biased algorithm, however,
proves robust and efficient over the Mach number range consid-
ered in this study. The upwinding uses a Lax-Friedrichs splitting of
the flux vector. Specifically, the derivative of the contravariant flux
F is calculated as

DF = %(DJ’F+ +D7F~)

where F= =ﬁ:tkmﬂxl7 and D" =(3,3,3—4—-3)and D" =3 —
4 — 3,3,3). (The nomenclature for derivative closure D™, for
example, denotes that the left three points are evaluated with
third-order stencils, the interior with fourth-order stencils, and the
right point with a third-order stencil. Details of this nomenclature
may be found elsewhere®) The fourth-order D+ operator is the
upwind-biased stencil

i+1
U= Y a,;U(x)+O0@x)*

j=i—3

where row i of the matrix g; ; is defined as a; ; = (1/126x)
x [—1, 6, —18, 10, 3]. The third-order stencils used at all bound-
ary points are the optimal stencils derived from nearest neighbor
information; these stencils are biased where possible in an upwind
direction. The scaling parameter A,y is the maximum over the entire
domain of the contravarianteigenvalue & + ¢. A similar expression
is used for the G vector.

Historically, finite difference formulations that locate a discrete
point at the stagnation point are susceptible to numerical instabil-
ity. Careful implementation of the boundary conditions eliminates
this problem. The present formulation is as robust as the stag-
gered formulations that are typically adopted by finite difference
algorithms near stagnation points. On the inflow plane, all vari-
ables are prescribed, which is consistent with supersonicinflow. On
the outflow, the solution is simply calculated by using one-sided
high-order information, and no boundary conditions are imposed.
On the symmetry plane, the v component of the velocity is set to
zero. On the inviscid wall, the no-penetrationboundary conditionis
treated weakly through the flux. Specifically, the contravariant flux

on the wall is calculated consistent with the no-penetration condi-
tion. (The normal velocity is flipped in sign to create a reflecting
state. The two states are then rectified with a Riemann solver to
obtain a state with no normal velocity.) The physical velocity at the
wall is not required to satisfy the no-penetrationcondition. Thus, at
steady state, the normal velocity at the wall is nonzerobut converges
to zero with an order property that is consistent with the overall
formulation.

A three-stage RK scheme is used to drive the solution to steady
state. The calculationsare suspended when the solution error, based
on the exact solution, converges to four significant places.

Third-Order Nonlinear Scheme

The third numerical scheme employed in this work is a third-
order-accurate ENO algorithm. Spatial accuracy is achieved by
solving the two-dimensional time-dependent Euler equations in
control-volume form. Complete details of the algorithm are pre-
sentedelsewhere” The adaptive stencilsemployed in the high-order
spatial operator are biased in smooth regions toward those that are
linearly stable (see, for example, Ref. 10). All required mesh quan-
tities, e.g., cell areas and grid metrics, are calculated to consistent
accuracy.” The solution is advanced in time, toward a steady state,
via a three-stage RK scheme.!! Implicit residual smoothing is em-
ployed to accelerate the time integration.

Fluxes at cell interfaces are approximated in two distinct ways.
The most accurate treatment is by Roe’s approximate Riemann
solver, as presented in Ref. 12. Full machine-zero convergence to
steady state is not possible with this formulation. High-order ac-
curacy is nonetheless attained on the grid-aligned test case. The
robustness and generality of the formulation is somewhat question-
able, which makes the use of a second formulation necessary. To
drive residuals to machine zero, the Roe solver must be augmented
with an entropy fix'? and the stencils must be more heavily biased.
These modifications give rise to an oscillation near the shock and
cause the solution error to revert to first-order accuracy. We use the
straight Roe solver as a means of verifying the accuracy of the al-
gorithm, and the second formulationis used as the general solverin
the comparative studies.

Grids

The grids used for all calculations originate from the Cheby-
shev spectral solution. A uniform discretization in both the radial
and circumferential directions is used. To accomplish shock cap-
turing, the grid is extended in the radial direction until exactly
one-fourth of the points are in the supersonic portion of the flow.
The following sequence of grids is used to perform a grid refine-
ment study: 33 x 33, 65 x 65, 129 x 129, 257 x 257, 513 x 513.
The exact solution is projected onto these grids (with spectral in-
terpolation) for use as the initial condition and to calculate solution
accuracies.

IV. Results
First-Order Motivation

We begin by presenting a heuristic argument that explains
why the two-dimensional steady-state Euler equations admit first-
order solutions downstream of two-dimensional discontinuities.
We saw in previous work*3 that time-dependent information
that passes though a discontinuity is corrupted to first order by
a discontinuity. This statement was quantified using the model
problem u, + [a(x)u], =0, where a(x) is discontinuous. We con-
cluded that first-order corruption occurs in hyperbolic equations
when a(x) is discontinuous with information passing through the
discontinuity.

We now show thatat least part of the steady-statetwo-dimensional
Euler equations is mathematically equivalent to the model hyper-
bolic problem, where the wave speed a(x) is discontinuous at the
captured shock. (Here, the second spatial dimension takes the place
of time, which results in a hyperbolic equation in x, y.) Therefore,
based on the one-dimensional time-dependent results, the discon-
tinuous two-dimensional Euler equations should exhibit first-order
error downstream of an arbitrary captured discontinuity.

The equations that govern the steady-state Euler equationsin two
dimensions are
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Table 1 Smooth test case of near-wall region that shows
design accuracy of linear shock-capturing scheme

Wall boundary

Density 4th condition 4th
Grid log Ly rate log Ly rate
25x33 —3.275 e —3.119 —_—
49 x 65 —4.230 3.17 —4.003 2.94
97 x 129 —5.256 341 —4.980 3.25
193 x 257 —6.330 3.57 —6.041 3.52
385x 513 —7.419 3.62 —7.163 3.73

oF 0G oU oUu
— =A— +B— =0 3)
ax ay ox oy

where A =09F /dU and B = 9G/dU. The mathematical character of
Eq. (3) is governed by the eigenvalues of the matrix M = A~'B.
The eigenvalues of the matrix M are A;, =v/u and A3 4 =[(uv £
a/(u? +v? — a®)/(u® — a®)]. For supersonic flow, the eigenvalues
are real and distinct, and the equation set is strictly hyperbolic. For
subsonic flow, two of the eigenvaluesare real and two are imaginary,
and the equation set is mixed elliptic-hyperbolic. The two eigenval-
ues that are real independent of the Mach number are A, > =v/u,
and these eigenvalues correspond to the advection of information
along the streamlines v/u. The mathematical character of the hy-
perbolic portion of the equation is identical to that exhibited in the
unsteady one-dimensional equation u, + [a(x)u], =0, where a(x)
is discontinuous. Thus, the steady two-dimensional Euler equa-
tions will be of first-order accuracy downstream of any captured
discontinuity.

Although the preceding argument is presented for a Cartesian co-
ordinate system, it extends to arbitrary coordinate systems. Specifi-
cally, the fundamentalhyperbolic-elliptic nature of the steady Euler
equations is invariant with respect to coordinate transformations.

We digress here and note that the multidimensional accuracy at
steady stateis differentfrom that found in the one-dimensionalcase.
The one-dimensional steady-state solution is of design accuracy
away from any discontinuities, whereas the two-dimensional case
is of first-orderaccuracy behind general discontinuities. We provide
no mathematical explanation for this anomaly other than to say that
two dimensions are necessary to exhibit the first-order behavior.

Smooth Near-Body Problem

A model problem is needed to test the accuracy of the shock-
capturing algorithms. Different formulations of the exact solution
are used to test the linear and nonlinear algorithms. We begin by
describing the testing of the linear algorithm.

By solving for the flow between the bow shock and the cylinder
(the near body), we test the centerline, wall, and outflow boundary
conditions, as well as the design accuracy of the method. Because
no discontinuitiesare presentin this subproblem, the linear formula-
tion shouldrecoverdesign accuracy.If the grid points are eliminated
outside the bow shock, then a subsequence of grids is formed with
25 % 33,49 x 65, 97 x 129, 193 x 257, and 385 x 513 points, re-
spectively. The boundary conditions for the centerline, wall, and
outflow planes are identical to those described earlier. The subsonic
inflow boundary conditionat the bow shock is implemented by solv-
ing the Riemann problem between the numerical state at the point
and the exact postshock conditions from the spectral algorithm.

Table 1 shows the results of a grid-refinement study in which the
linear fourth-orderscheme is used for M = 2.5. Reported are the L,
error in density and the L, error in the normal velocity component at
the inviscid wall, both as a function of grid. The L, error is defined
as

¥ (- e)

L2= N

where v; and ¢ are the numerical and exact valuesof the respective
functions at pointi and N is the number of points in the norm. The
norm of density is formed over the entire domain. (The norm of
wall-normal velocity is formed over all body points.)

Table 2 Special fitted test case that shows
design accuracy of ENO formulation with
standard Roe flux at interfaces

Density 3rd
Grid log Ly rate
33x33 —3.162 —
65 x 65 —4.042 2.92
129 x 129 —5.007 3.21
257 x 257 —6.045 3.45

Fig. 7 Density profiles of the cap-
tured solution obtained with the third-
order ENO method, using only the
Roe flux at the interfaces; solution is
third-order accurate.

The convergence rate asymptotes to the theoretical value of 4.
(The third-orderclosure near the boundaries dominates the solution
accuracy on the coarse grids.) The normal componentof the velocity
at the wall goes to zero in accordance with the weak imposition of
the tangency condition. Similar convergence behavior is observed
for the pressure and for other norms.

Several specific features of the blunt body and the ENO formu-
lation allow for a convincing test of the nonlinear formulation. The
full grid is constructed such that the shock coincides exactly with an
interfacein the finite volume formulation. If smooth interpolantsare
used on eitherside of the cell interfaceand a Riemann solverthatsat-
isfies the Rankine-Hugoniot shock jump relations is used, then for
this special case the shock is fit at the cell interface. All constraints
are met by the ENO formulation with a Roe flux at the interfaces.
As noted earlier, the temporal residual for this test problem does not
converge more than four orders of magnitude. Nevertheless, design
accuracy is achieved on the original sequence of four grids.

Table 2 shows the results of a grid refinement study in which
the third-order ENO scheme is used for M =2.5. The L, error in
density is reported; the definitions of error are the same as were
reported for the linear case.

The convergencerate asymptotesto a value that is greater than the
theoretical accuracy of 3. Note that in an absolute sense the errors
fromthe third-orderENO formulationare comparable with those ob-
tained from the fourth-orderlinear algorithm. The two-dimensional
of the pressure and density obtained from the ENO algorithm are
nearly indistinguishable from the exact solutions shown in Figs. 4
and 5. Figure 7 shows the pressure profiles that are obtained with
the nonlinear ENO algorithm for this test case. (Note the monotone
one-point bow shock.)

Several pointscanbe deduced from these studies. First, the shock-
capturingalgorithms exhibitdesign accuracy on the near-body sub-
problem. This finding indicates that the symmetry, wall, and outflow
boundaries are correct. Second, the agreement to seven significant
digits between the capturing algorithm and the Chebyshev spectral
solution indicates that the exact answer is correct to at least seven
digits.

Shock-Captured Blunt-Body Problem
We now use the validated linear fourth-order and the nonlinear
third-order algorithms to capture the bow shock around a Mach 2.5
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Table3 Captured Mach 2.5 bow shock around circular
cylinder with linear shock-capturing scheme

Density 4th Pressure 4th
Grid log Ly rate log Ly rate
33 x33 —1.756 e —1.651 e
65 x 65 —3.404 5.47 —3.370 5.74
129 x 129 —3.708 1.01 —3.778 1.32
257 x 257 —4.014 1.02 —4.117 1.13
513 x 513 —4.317 1.01 —4.437 1.06
35
3.0+
25F
20
15F
1L.OF
05
Mach = 2.5 | Shock Capture
1
-3 -2 -1 0 1

Fig. 8 Finite difference grid that employs 65 X 65 evenly spaced
points, used to capture blunt-body flow for M =2.5.
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Fig. 9 Pressure profiles of captured solution obtained with fourth-
order finite difference algorithm.

circular cylinder. Only two modifications are necessary to capture
the blunt-body shock. First, in the linear formulation the original
grids are used, and supersonic freestream conditions are imposed
at the inflow. Second, for the nonlinear ENO formulation, the Roe
solver at the interfaces is modified with an entropy fix, and the
stencil-biasing parameters are tuned. These modifications allow a
steady-stateresidual to be driven to machine precision but eliminate
the possibility of fitting the shock at the interface.

Figure 8 shows the 65 x 65 grid used in both formulations. Fig-
ures 9 and 10 show the two-dimensional pressure and density pro-
files that are obtained with the linear method. Figure 11 shows the
pressure profiles obtained with the nonlinear method. All profiles
are obtained on the 65 x 65 grid. The solution from the linear al-
gorithm has huge oscillations at the captured shock, whereas the
nonlinear formulation is nearly monotone.

Tables 3 and 4 present refinement studies for which the original
sequence of grids is used. In Table 3, the L, norms of the density
and pressure errors are presented, as obtained with the fourth-order
linear algorithm. The density and pressure norms are formed by
using only the half of the domain that is closest to the body to
exclude any points close to the captured-shockregion.

Table 4 Captured Mach 2.5 bow shock around
circular cylinder with third-order ENO
shock-capturing scheme

Density 3rd ENO
Grid log Ly rate

—2.275 e
—2.572 0.99
—2.871 0.99
—3.170 0.99

33 x 33
65 x 65
129 x 129
257 x 257

3.5 Levet RHO
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Fig. 10 Density profiles of captured solution obtained with fourth-
order finite difference algorithm.

-3

Fig. 11 Density profiles of captured
solution obtained with third-order
ENO algorithm by using Roe flux with
entropy fix at interfaces; solution is
first-order accurate.

In marked contrast to the accuracy of the near-body problem,
the two-dimensionalcaptured-shockaccuracyis asymptoticallyfirst
order in space. On coarse grids, the scheme converges near the
design accuracy but is dominated by the first-order shock error on
finer grids. Note thatthe density and pressure exhibitnearly identical
behavior. We note but do not show here that the wall penetration
error is asymptoting to design accuracy as it did in the near-wall test
problem.

In Table 4, the L, norm of the density error is presented, as ob-
tained with the third-order ENO algorithm. The same error norm is
used here as for the linearalgorithm. The two-dimensionalcaptured-
shock accuracy is asymptotically first order in space. The non-
linear formulation yields increased accuracy on coarse grids but,
surprisingly, is less accurate asymptotically than the fourth-order
linear algorithm. Not surprisingly,no componentof high-ordercon-
vergence exists for this problem, unlike the linear scheme. Work
continues with the nonlinear scheme to recover better asymptotic
error behavior at steady state. Based on previous experience with
the nonlinearformulation, the asymptoticerror level can be reduced
by further optimization of the biasing parameters and the entropy
fix.
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By comparing the near-body and blunt-body solution errors, we
establish that capturing the discontinuity in the blunt-body case
causes a degradation in accuracy. The resulting convergence rate
is first order for both the linear and nonlinear formulations. We
claim that this result is general for any multidimensional shock
and any high-order numerical method. A heuristic explanation for
this phenomenonis related to the ambiguous shock position within
the cell. Capturing the shock provides (through conservation and
the Rankine-Hugoniot relation) the postshock conditions for the
smooth near-body problem. Because the exact position of the shock
is ambiguous to order §x, these numerical conditions are incor-
rect to first order. This first-order error is relatively small on coarse
grids but at some level of refinement becomes the dominant error
term.

A possible exception to the first-order conclusion is the case in
which a multidimensional shock can be one dimensionalized by
a suitable rotation. For example, if the numerical grid is aligned
with the shock throughoutthe domain and the Roe solver is used to
rectify the interface states, then designaccuracy is possibleat steady
state. Rotating a shock into a one-dimensional reference frame is
roughlyequivalentto shock fitting and is a formidabletask in general
situations.In spite of these difficulties, some progresshas been made
recently.!'* 13

V. First-Order Implications

We have demonstratedthatcaptured shocksin two dimensionsare
first orderregardlessof the design accuracy of the capturing scheme.
At some point of spatial resolution, the solutionis dominated by the
first-order component of the error, which raises an obvious ques-
tion. If the solution error is bounded at first order, then to what
extent should high-order formulations be considered for capturing
discontinuous flows? Specifically, for what class of problems does
the first-order error componentdominate the solution error, making
additional high-order work counterproductive? We first present a
parametric study of design accuracy to quantify the nature of the
first-order error component. We then begin to address the specific
role of high-order algorithms in the context of shock capturing.

Dependence of Error on Design Accuracy

Tables 5-7 compare differentdesign accuracies for the Mach 2.5
blunt-bodyproblem. The study is performed by the linear algorithm.
Work continues with the nonlinear algorithm to quantify the gen-
erality of the conclusions drawn in this study. We include spatial
operators of first-, second-, and fourth-order accuracy. The fourth-
order pressure and density results shown earlier are compared with
those obtained with the second- and first-order algorithms. We see
that all methods are asymptotically first order. The results from
the first-order (design accuracy) scheme are very poor, and only a
partial listing is included. Note that the asymptotic level of error in
the second- and fourth-order schemes is the same. The first-order
component of the captured error appears to be nearly independent

Table5 Fourth-order linear algorithm

Density 4th Pressure 4th
Grid log Ly rate log Ly rate
33x33 —1.756 — —1.651 —
65 x 65 —3.404 547 —3.370 5.74
129 x 129 —3.708 1.01 —3.778 1.32
257 x 257 —4.014 1.02 —4.117 1.13
513 x 513 —4.317 1.01 —4.437 1.06

Table 6 Second-order linear algorithm

Density 2nd Pressure 2nd
Grid log Ly rate log Ly rate
33x33 —2.327 — —2.087 —
65 x 65 —2.776 1.49 —2.933 2.81
129 x 129 —3.242 1.55 —3.664 2.43
257 x 257 —3.660 1.39 —4.321 2.18
513 x 513 —4.034 1.24 —4.452 0.44

Table 7 First-order linear algorithm used to capture the
Mach 2.5 bow shock around supersonic circular cylinder

Density 1st Pressure 1st
Grid log Ly rate log Ly rate
33x33 —0.891 e —0.745 e
65 x 65 —1.335 1.47 —1.049 1.01
129 x 129 —1.683 1.16 —1.348 0.99
257 x 257 —2.040 1.19 —1.652 1.01

of the design order of accuracy of the method. The fourth-ordersch-
eme quickly approaches the asymptotic limit; the second-order
scheme asymptotes more slowly. The first-order (design accuracy)
scheme will never be dominated by shock error.

A heuristic model that expresses the nature of the solution error
thatis exhibited by the linear schemes must include a first-orderand
adesign-ordercomponent. A model thatis approximately consistent
with the solution errors presented in Tables 5-7 is

e=ci(0n) +ex(x) ©)

where € is the solution error, r is the design order of the numerical
algorithm, and ¢| and ¢, are problem-dependentconstants. For r > 1
and any finite values c¢; and ¢, the solution error will asymptotically
be dominated by the first-order error component. If ¢; < c,, the
solution will exhibit high-order convergence on coarse grids.

Role of High-Order Shock Capturing

Practitioners are interested in absolute error, rather that the order
of the spatial approximation. Order of accuracy and absolute error
are closely related in the asymptotic limit of high accuracy. Most
engineering problems, however, require error levels far removed
from this asymptotic limit. Thus, a second-order algorithm could
convergeat its designrate for many targetaccuracies. Thus, the first-
order convergence of captured shocks has largely been overlooked,
much less quantified, over the past 30 years.

As computers become more powerful, practitionersdemand more
accuracy from their calculations. In aeroacoustics and electromag-
netics,demandstoresolvescales thatdifferby several orders of mag-
nitude are commonplace. In configuration aerodynamics, a com-
monly used metric of solution accuracy for viscous airfoils is one
drag count, which correspondsto solution accuracies of at least four
significant digits. As the design accuracy requirementsincrease, the
solution error is more likely to be dominated by the first-order com-
ponent downstream of a discontinuity. When this occurs, global
refinement of the solutionis no longer a viable procedure; local re-
finementof the shockregionmustbe performed to obtainan accurate
solution.

Inanattemptto quantify these generalizations,we beginby noting
that the overall impact of shock capturing error depends not only
on absolute shock error, but also on the position and prominence
of the shock. Only those portions of the domain where information
propagates through the shock are subject to shock-capturing error.
Thus, if this domain of dependence is not prominent, then errors
in shock position or strength will have little impact on the overall
solution accuracy or derived quantities. For example, note that in
many transonicairfoil calculations,only a small portion of the upper
surfaceis subjectto first-ordererrors. As such, high-ordernumerical
methods are an obvious candidate for resolving these flows.

For those problems where accurate resolution of a prominent
shock is crucial, one must determine the magnitude of shock-
capturingerrorthatis acceptable. We now show thatshock-capturing
error depends on flow conditions and generally increases with in-
creasing shock strength.

We present a study with Mach number as a parameter, in which
the linear algorithms of fourth-, second-, and first-order accuracy
are used. The objective of the study is to show that the efficacy
of high-order methods is dependent on the problem, as well as the
targetaccuracylevel. Figure 12 shows a plot of the pressure data that
are presentedin Table 5. Lines of unit slope are included to compare
the asymptotic convergence rates of the methods. On this plot, the
method that is the mostefficient for a given targetaccuracy can more
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Table8 Centerline, bow-shock,
density, and pressure ratios, as
function of Mach number

Mach Density Pressure
2.0 2.667:1 4.500:1
25 3.333:1 7.125:1
3.0 3.857:1 10.333:1
or o 1S[d _— IS[d Order Slope
o?" - ==~ 2™ Order Slope
th
a4
-IF +3eNo
<)
2+
Ls °
)
)
k=3
o =3
)
=
4}
_5 L 1 1 1 L 1 1
-2.8 =26 -24 22 20 -1.8 -16 ~-14

Log (dx)

Fig. 12 Grid refinement study at Mach = 2.5 showing dependence of
solution error on the design accuracy of the numerical scheme.

easily be identified. At a target accuracy of 1072, the second-order
scheme is most desirable. (On the coarsest grid, the second-order
schemeis more accuratethan the fourth-orderscheme.) At a targetof
1073, the fourth-order scheme is most desirable. At one drag count
or four significant digits (107*), both methods are in the first-order
asymptotic limit. Neither method is computationally efficient, and
refinement of the grid in the bow-shock region would be the best
use of computer resources.

The results in Fig. 12 are consistent with the observation that in
many circumstances the first-order shock componentof the solution
error is negligibly small. Note that the second-order scheme is pro-
foundly more accurate than the first-order scheme and only beginsto
show its first-order character on extremely fine grids. Seldom have
accuracy levels comparable to those reported here been obtained by
CFD practitionersbecause of the costs involved;thus, the first-order
nature of the captured solution has not been uniformly recognized
until now.

Figures 13 and 14 show results for Mach numbers of 2 and 3,
respectively. The three numerical schemes used in the case where
M =12.5 are used in these studies. Table 8 shows the shock strengths
as a function of Mach number for the range 2 < M < 3. The conclu-
sions drawn in the case for which M =2.5 appear to be reasonably
general for this range of Mach numbers. Specifically, the first-order
(designaccuracy) results are not competitive with either the second-
or fourth-orderresults. Both higher-ordermethodsexhibitdesignac-
curacy on coarse grids, but asymptote to first order on fine grids. The
asymptotic level of the higher-orderschemes is nearly independent
of the design accuracy. At low target accuracies, the second-order
scheme is most desirable, and at moderate target accuracies, the
fourth-order scheme is most desirable. At high target accuracies,
the high-order schemes are first order because of the shock, and
regridding the shock is necessary to effectively decrease the overall
accuracy of the calculation.

The convergence rates at all Mach numbers are consistent with
the heuristic model proposed in Eq. (4). We do see a slight depen-
denceof the asymptotic first-ordershock error on the shock strength,
which increases with Mach number. Note that shocks of infinitesi-
mal strength produce smooth errors with no first-order component.
In an attempt to cast these results in a global perspective, we re-
examine the case of the transonic airfoil. We noted earlier that these
airfoils exhibit predominantly smooth flow and, as such, are not
likely candidates for dominant shock-capturing errors. This fact,
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Fig. 13 Grid refinement study at Mach = 2.0 showing dependence of
solution error on the design accuracy of the numerical scheme.
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Fig. 14 Grid refinement study at Mach = 3.0 showing dependence of
solution error on the design accuracy of the numerical scheme.

coupled with the low shock-capturing errors expected from weak
shocks, leads one to the conclusion that any first-order error com-
ponent will be small and will not dominate the solution accuracy
for accuracy requirements of one drag count. Nevertheless, work
continues to quantify the nature of captured shocks and to predict
the shock-capturing error levels at the shock. This quantification
hopefully will provide some general guidance in capturing shocks
of differentstrengthsand in refining the shock to ensure satisfactory
results near the body.

V1. Conclusions

An assessment of the accuracy of shock-capturing schemes
is made for two-dimensional steady flows. A linear fourth-order
method and a nonlinear third-order method are used in this study.
Results show, contrary to conventional wisdom, that captured two-
dimensional shocks are asymptotically first order, regardless of the
designaccuracy of the numerical method thatis used to obtain them.

The solution error of the captured discontinuity can be character-
ized by a first-ordercomponentc; (§x)! and a high-ordercomponent
¢,(8x)" (where r is the design order of the method). With sufficient
resolution,the erroris dominated by the first-orderterms. In a practi-
cal sense, however, the solutionerroris frequently dominated by the
high-order component, which gives the appearance of a high-order
convergencerate.

Finally, we acknowledge that demonstrating a first-order conver-
gencerate with two numerical methods does not prove that captured
shocks are destined only to be first-order accurate. Rather, this re-
search demonstrates that we do not presently know how to achieve
high-order convergence in a general context when discontinuities
are present. Work continues toward achieving the goal of design
accuracy for captured discontinuities.
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